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AssTRACT. The main purpose of this paper is to study the distribution properties 
of k-power free numbers, and give an interesting asymptotic formula. 


1. INTRODUCTION AND RESULTS 


A natural number n is called a k-power free number if it can not be divided by 
any p*, where p is a prime number. One can obtain all k-power free number by the 
following method: From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2* (ie. 2, 24+1, 2442 +), 

-take off all multiples of 3°. 

-take off all multiples of 5*. 

..and so on (take ‘off all multiples of all k-power primes). 

Now the k-power free number sequence is 2, 3, 45,0; 069,10 11) 1213, 14 1517 ax: 
In reference [1], Professor F. Smarandache asked us to study the properties of the 
k-power free number sequence. About this problem, it seems that none had stud- 
ied it before. In this paper, we use the analytic method to study the distribution 

properties of this sequence, and obtain an interesting asymptotic formula. For con- 
"venience, we define w(n) as following: w(n) =r, ifn = p{p$?---p%. Then we 
‘have the following: 


Theorem. Let A denotes the set of all k-power free numbers. Then we have the 
asymptotic formula , 


S> w?(n) = ST +O(zlninz), 


noe 
neA 


where C(k) ts the Riemann zeta-function. 
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2. SEVERAL LEMMAS 


Lemma 1. For any real number x > 2, we have the asymptotic formula 


2 )=elninz+ Ar+O (= =} 
S> w(n) = a(Inlnz)?+O(zlnInz). 


nz 


there Aik (tn (2 = 3) 2) 


Proof. (See reference [2]). 


Lemma 2. Let y(n) is Mobius function, then for any real number x > 2, we have 
the following identity 


Su(ndoin) 1 
dX ae Gs) pea 


Proof. From the definition of ie and p(n), we have 


— u(n)w(n) u(r see Tes ls eben) 1 SS un) 
eres a 25 a sy ier, d, or 
n= p n= 
ee He 1 (n,p)=1 


ee) (ee) eg 


This proves Lemma 2. 


Lemma 3. Let k > 2 is a fixed integer, then for any real number x > 2, we have 
the asymptotic formula 


z(In In 2)? 
S w?(m)p(d) = aes +O(alninz). 
ditm<a 


Proof. From Lemma 1, we have 


>) #(m)u(d) = S> pd) S> wm) 


d Ind 
= 2 (InInz)’ 5 6 xlning Ds Fine + O(c inna) 
dink 


+O(zlnInz). 


This proves Lemma 3. 63 


Lemma 4. For any real number x > 2, we have the estimate 
ould) = Of2). 
dem<a 
Proof. From Lemma 1, we have 


YOu) = YOu) TD 1= T wrquca [4] 
dat 


d*m<a dea maz {dk 


w? : 
= oS <A) | 6 S> w(d)u(d) | = O(a). 


d<ak d<at 
This proves Lemma 4. 


Lemma 5. For any real number x > 2, we have the estimate 


S> w*((d,m))u(d) = O(c). 


d*¥m<x 
Proof. Assume that (u,v) is the greatest common divisor of u and vu, then we have 


Dd, *(dm)uld) = SI ud) 2 =D ale Dw* [5] 
d*m<ar é d<ak uld a dcek uld 

os Hd) 
=2))—“- +0 S> wld) $7u?(u) | = O(2). 


d=1 deat uld 


This proves Lemma 5. 


Lemma 6. For any. real number x > 2, we have the asymptotic formula 


S- w(d)w(m)u(d) = Czining + O(z), 


‘dkm<a 
where C = ees) bier ae 
P 


Proof. From Lemma 1 and Lemma 2 we have 


dw (dw(m)u(d) = > w(a\u(d) S> (mn) 


d*¥m<z d<at m<n/d® 
zlning . Ax x 
= ue Cra at? (wz) 
d<ak 
x (dala) kInd wo(d)u(d) x 
<2 }) Sp (inlnctmm(1- 52") ) + 4s e re +O(=) 
d<ak dink 

=. w(d)u(d) Ind a 

a=1 d<z 
= Crlning + O(z). 


This proves Lemma 6. 64 
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3. PROOF OF THE THEOREM 
In this section, we shall complete the proof of the Theorem. For convenience we 


define the characteristic function of k-power free numbers as follows: 


1, . ifn is a k-power free number; 
u(m) = ; 
0, otherwise. 


From Lemma 3, Lemma 4, Lemma 5 and Lemma 6, we have 


dw (n) = S72 u?(n) Sula) = SD P(ahm)u(a) 


nse nox d*\n dtm<z 


Yl (e(a) +e(mm) = wl (d,m)))? na) 
= ST %m)ula) + SD wad) + SD w(dsm)) ula) 


d*m<z d*n<x dkn<ax 


+2 S” w(d)w(m)u(a) | +0 S- w(d)w(m) 
dkm<n | dktm<a 
_ (Se 
“ein SEC 
_ 2(Inin zc)? 
ee) 


This completes the proof of the Theorem . 


¢ 


+O(x intnz) +2(Calning + O(2)) + O(zInlnz) 


+O(rininz). 
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